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Abstract 

The cosmic no hair conjecture is tested for a large class of inhomogeneous cosmologies with a pos- 
itive cosmological constant A. Firstly, we derive a new class of exact inhomogeneous cosmological 
solutions whose matter content of the models is formed by a mixture of two interacting simple 
fluids plus a cosmological A-term. These models generalize the de Sitter spacetime and the in- 
homogeneous two-fluid Szekeres-type cosmologies derived by Lima and Tiomno. Finally, we show 
that the late time behaviour of our solutions is in agreement with the "cosmic no hair theorem" of 
Hawking and Moss. 
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I. INTRODUCTION 



It is widely known that inflationary models of the early universe provide a very inter- 
esting solution to some shortcomings of the standard hot big-bang cosmology, among them 
the observed homogeneity, horizon and flatness problem 2], y]. Although considering 
that many issues in inflationary cosmology remain unsettled, its confrontation with cosmic 
observations have already started with the latest cosmic microwave backgroun (CMB) ex- 
periments. Actually, the three-year Wilkinson Microwave Anisotropy Probe (WMAP) data 
as well as the current five-year WMAP have precision enough to discriminate the simplest 
single-field inflationary models 0, 5|. Very recently, Kinney et al. 6] presented an update 
of the inflation constraints using the WMAP5 and confirmed the results previously obtained 
by themselves with the WMAP3 data. In particular, the WMAP5 team has claimed that 
the quartic chaotic inflationary scenarios of the form V{(f)) = were ruled out, while 
quadratic chaotic inflationary models with potential, V{(f)) = X(j)^, revealed to be in better 
agreement with the observational data j^. 

In the simplest inflationary scenario, the initial conditions present in the big bang should 
be dynamically irrelevant to the structure of the Universe observed today. This happen 
because during inflation the Universe expands almost exponentially, that is, a{t) ^ e^^ 
{H = a/A/3), where the cosmological constant A represents the effective vacuum energy 
density of a given scalar field 0. This can be taken for granted because in order to solve the 
cosmological puzzles the duration of such incredible expanding state must be at least of the 
order of 60 e-folds. The assumption that all expanding models with a positive cosmological 
constant evolve inevitably to the de Sitter spacetime means that the universe effectively 
loses the memory of its initial conditions. Up to the present there is no general proof of this 
kind of "cosmic no hair theorem" , as it was named by Hawking and Moss [7] . Partial results 
were obtained for non-rotating homogeneous and anisotropic cosmologies of the Bianchi type 

n nn 

classification [8| , as well as for some kind of inhomogeneous Universes [9|, 110| . Although the 
proof of the conjecture is only shown in a restricted class of spacetimes, it is widely believed 
that a large set of time-dependent cosmologies with A must evolve to de Sitter spacetime 
which plays the hole of a special cosmic attractor, thereby potentially solving the dilemma 
of initial data. 

On the other hand, some attention has also been paid to exact and approximated inho- 
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mogeneous models of the universe in connection with the singularity problem as well as to 
solve the difficulties in obtaining realistic inhomogeneous expanding solutions endowed with 
a well defined equation of state 1^, [isl, 3- More recently, inhomogeneous cosmologies 
has also been considered as a possible explanation to the present accelerating stage of the 
17] with no app eal to some sort of dark energy component Q, [3], or even 
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to modified gravity theories 20|, l2l[ |. 



In this framework, we derive here a large class of expanding inhomogeneous solutions 
for which the equation of state problem is also circumvented in a natural way. These 
solutions generalize a subclass of inhomogeneous models with a A-term found by Barrow 



and Stein-Chabes 



22|, and the inhomogeneous two-fiuid Szekeres-type cosmologies derived 



by Lima and Tiomno 



23| (see also 2J])- Krasinski's classification 25|, such s pac etimes 



26|, and, 



are contained in the subfamily of inhomogeneous solutions derived by Szafron 
as we shall see, the complete set of solutions fulfill the requirements of the cosmic no hair 
conjecture. 



II. THE MODELS 

Let us now consider the line element of the Szekeres-type models of class II as given in 
23|(in our units SnG = c = 1). 

ds"^ = dt^ - dx^ - {dy"^ + h'^ dz'^) , (II. 1) 

where 



Q = Q{t,x,y,z) = R{t) A{x,y,z) + RoT{t,x) 



A(x,y,z) = 4a(x) 



sm{Vky/2) 



Vk 

+ ^(x) cos{Vky) , 



r / \ / \ • n sin(-\/A;t/) 
[x{x) cosz + i>[xjsmz\ — h 



(11.2) 



(11.3) 



Q^5 X; C cire arbitrary functions of x, Rq is a constant factor with dimension of time. 



and 



sm{Vky) 

h{y) = — 7? — = y 



Vk, 



for A; = 
sin 7/ for k = +1 
sinhj/ for k = —1 



(11.4) 



The functions T{t, x) and R{t) will be determined from the Einstein field equations with a 
A-term, 

G^"" = T^"" + A^^^ , (II.5) 
where the energy-momentum tensor T^^ is given by 

T^"" = {p + p^u" - pg^\ (II.6) 

with p and p being the total energy density and pressure of the medium, respectively. 
In the comoving frame, = 6q, and it follows from flll.ip - flll.6p that the Einstein 



equations reduce to (a dot means derivatives with respect to the cosmic time) 

3AR(R^ + k) + 2RoRRf + RoT(R^ + k)-4:aR , 
P + ^ = iAR + R,T)R^ ' 

p-A = -2--f^-^^ (11.8) 
^ R R^ R^ ' ^ ^ 



^ = RT + RT- 

Rq 



T . (II.9) 



p = A = the solutions of the above system take the form established by Szekeres 



281]. If p = and A 7^ we get the solutions found by Barrow and Stein-Schabes 22] 



n the framework of a two-fluid interpretation, the solutions derived by Lima and Tiomno 



23j have A = and 

P = Pfrw + Ap, (11.10) 

where Pfrw is a Friedmannian homogeneous and isotropic component, and Ap is an inho- 
mogeneous dust. In what follows we extend this approach by defining 

PFRW+f^ = 3^^^ , (11.11) 

^ 2RoRRf -2RoT{if + k) -AaR 
^ = (AR + RoT) R^ ■ ^^^-^^^ 

If we now take 

p = UJpFRW , (11.13) 

equation ( 111.81) can be recast as 



RR+ { (i?2 + A;)-i(l + cu)Ai?2 = 0, (11.14) 
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whose first integral is given by 
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(11.15) 



We note that eq. fill. 141) is the general FRW differential equation for a fluid with a gamma- 
law equation of state plus a A-term. Also, the functional dependence of the Friedmanian 
component Pfrw with respect to the scale factor is obtained by replacing the first integral 
(III. 151) into (III. 111) . Moreover, inserting (III. 141) into (111.91) . we see that the equation for 
T(t, x) becomes 



RT+RT+ 



T 



2a 

Rq 



(11.16) 



l + 3uj l + 3uj 

The problem now reduces to solve the equation s_(III.14l) or equivalently (III. 151) and (III. 161) . 
Following the procedure developed in Refs. [l3|, l23| we find that, if /c = a = and u ^ —1, 
the functions R and T can be written as 



R — Rq 



coshe(t) + ^^^^^ sinhe(t) 



Ro 



3(1 + ^;) 



3A 



1 + cj) (t - to 



iu-1 1 l + 3uj 



2(l + w)'2' 2(l + uj) 



(11.17) 

(11.18) 
(11.19) 
(11.20) 



3 V-^o, 

where (3 and n are two new arbitrary functions of x and F is the hypergeometric Gaussian 
function. 

For k = a = and u = —1 the solutions an be written as 



R = Ro exp 



(11.21) 
(11.22) 



In order to complete the solution it is sufficient to substitute the above equations in the 
expressions (III. lip and (111.12^ for the density. As one may check, these solutions have no 
killing vectors, are type D in the Petrov classification, and the flow of matter is irrotational 
and geodetic. 
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As one should expect, if A = 0, (1II.17P - (111.20p reduce to 

3(1 + 0;) (t- to) 



and 



R — R() 



T = (3{x) 



1 + 



Rn 



3{1 + LJ) 



R 

Rq 



R_ 

Ro 



-l+3a) 



(11.23) 



(11.24) 



which are the expressions derived in ref. [23| for k = a = and lo ^ —1. Furthemore, using 
the identity F(a, b, b; z) = {1 — z)~"- j29|, it is easy to see that, if = and A 7^ 0, a subclass 
of the parabolic models derived by Barrow and Stein-Chabes is recovered. 
For large values of the cosmological time, we have 



R 
T 



~ e 



A/3i 



R_ 

Ro 



(11.25) 
(11.26) 



In this limit one can see that a ~ and 9 ~ v 3A, where a and 9 are the shear and expansion 
rates, respectively. Hence, since Q ^ AR, the homogeneous and isotropic de Sitter phase is 
reached (compare with the results of Lima and Tiomno 23j). As in the solutions presented 
by Barrow and Stein-Schabes 22], the comoving geodetic observers of our models will see 
the deviations of the de Sitter exact form decay exponentially with time in agreement with 
the "cosmic no hair conjecture" . 

Finally, we remark that the existence of this large class of exact inhomogeneous cosmolog- 
ical models evolving to de Sitter spacetime may have great interest for inflationary scenarios. 
In particular, for the whole class of Szekeres type cosmologies, which includes the closed and 
open FRW universes as limiting case (Lima and Tiomno 231]), one may investigate how the 
flatness problem is solved under more general conditions than the ones usually considered 
in the inflationary context. 
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